ANABELIAN GEOMETRY FOR DELIGNE-MUMFORD CURVES
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ABSTRACT. We establish an anabelian framework for general Deligne-Mumford curves, showing
that their stack and orbifold structures are encoded in the group-theoretic properties of their
étale fundamental groups. Establishing the required properties for profinite F-groups, we prove
that fundamental geometric features, including hyperbolicity, affineness, and inertia data, can
already be detected from low-level solvable quotients of the associated profinite groups, namely
at the optimal 3-step level. As a consequence, we establish Grothendieck-type reconstruction
results for Deligne-Mumford curves, their rigidifications, and their coarsification. While we
show the m-step Grothendieck conjecture doesn’t hold for DM curves, we establish a 5-step
anabelian theorem for the rigidification of affine DM curves, namely affine stacky curves. A
certain emphasis is given to the role of stack inertia groups.
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1. INTRODUCTION

This paper initiates a general anabelian framework for Deligne-Mumford curves (or DM curves)
over fields of characteristic zero. We establish some reconstruction algorithms for certain data
following two a priori distinct but indeed related guidelines, which are the use of “higher” stack
symmetries for curves (or stack inertia groups) and the use of “lower” derived quotients of ho-
motopy groups (or m-step solvable properties).

This approach, which takes the hidden symmetries of curves into account, results in a shift of
paradigm, where (a) anabelian properties hold for curves beyond the classical scheme hyperbolic
condition, (b) cuspidal and stack inertia conditions are mixed together, and (c) the Grothendieck
m-step solvable conjecture doesn’t hold as it is. Constructions of this paper thus provide new
insight in the case of the moduli spaces of curves — whose anabelian character is expected but,
beyond the genus zero case corresponding to configurations spaces, is not established — see
[Col26] Section 2.1.2, that puts together [Nak94| and [Tam97]|, and more generally to [HMM22]
Theorem A for the configuration spaces of general hyperbolic curves.

We further develop and establish some purely group-theoretic property of Fenchel-groups —
or F-groups, which correspond to the geometric fundamental group of the rigidification of a
DM curve — of independent interest, and enrich some previous purely geometric constructions
of stacky curves — such as given in [BN06| and [GS17|, and as gathered in [VZ22] — with their
arithmetic and homotopical nature.

1.1. Stack anabelian arithmetic geometry

In its modern and general form, anabelian geometry focuses on the canonical reconstruction of
discrete invariants of a space X — such as the topological type (g,7) of a hyperbolic curve, or
its cuspidal inertia/decomposition groups corresponding to closed points — from its étale (resp.
geometric) fundamental group IIx (resp. Ax). This approach includes in particular the weak
form of Grothendieck’s original conjecture, which, for given X and Y spaces over a field K, states
the reconstruction of K-isomorphisms Y — X from the induced Ax-orbit of G g-compatible
isomorphisms IIx — Ilx, or, with the obvious notation, the bijectivity of the natural map:

Isomg (Y, X) — Isomg, (Iy,Ix) ~a, -

In the case of hyperbolic curves, this conjecture was successively established by H. Nakamura in
genus zero |[Nak90| Theorem 6.1, by A. Tamagawa for affine curves [Tam97] Theorem 6.3, and
by S. Mochizuki in its general form [Moc99] Theorem 16.5.

1.1.1. Let X be a DM curve, which comes with its rigidification X}y as defined in [AOV08] — also
called a stacky curve, that has no non-trivial generic stack inertia — and its coarsification Xeoarse
— which is a (smooth) scheme amounting, in case of an underlying moduli problem, to resolving
the moduli problem attached to X only geometrically. In our context, the weak Grothendieck
conjecture for DM curves can then be seen as structured in a 3-level diagram as follows:

4
ISOmK <y7 X) {——mm ISOmGK (Hy') HX) ~Ay

l l

Isom g (Vrig, Arig) <————————--2 Isomg, (Hy,,,Hx,,) ~ax

rig
f‘
|
| |
Isomp (ycoarse7 Xcoarse) {----= ISOHIGK (Hycoarse ’ HXcoarse) ~Axeoarse *

where dashed arrows indicate progress established in this manuscript; that is, more precisely —
see Proposition 3.10 and Theorem 3.18.

Theorem 1.1. For X a hyperbolic DM curve over a number field, the weak Grothendieck con-
jecture for the rigidification Xyg and the coarsification Xeoarse holds, and X is anabelian in the
sense that the Isomg -group is non-empty if and only if the Isomg, -group is non-empty.
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This series of results relies, at the rigidified level, on the profinite F-group theory developed
in Section 2.3.4, and follows Hoshi’s Grothendieck conjecture for stacky curves of [Hos22| Theo-
rem 4.5. While the latter follows from a Galois descent of the classical Grothendieck conjecture
for curves, we provide a separate proof based on the mono-anabelian property of the stack inertia
groups Zy z at closed points — see Proposition 3.10 and 3.11. Following Mochizuki’s philosophy
of arithmetic holomorphy, this approach allows A;js varying in a mono-anabelian holomorphic
deformation around the fixed discrete Zy z data — see [Col26] §. 1.3.1 and the original [Moc15]
Introduction for this principle — which can be the object of future work over p-adic fields.

The anabelian DM result follows the step-by-step identification of X’ as the global quotient of
a scheme by a finite group and as a Z,-gerbe over Xz @ la Giraud, see Proposition 3.15, which
is an algebraic and homotopical refinement of Behrend-Noohi in [BN06| Proposition 7.5.

Due to the stack inertia, the hyperbolic condition for DM curves is weaker than the hyperbolic
condition for curves — that is 2 —2g —r — ) (1 —1/n;) < 0, where n; denotes the order of stacky
points. Our stack approach thus establishes the weak Grothendieck conjecture for (coarse)
smooth curves whose topological data (g,r) are beyond the usual scheme hyperbolic condition
2 —2g —r <0 - see Remark 3.13 (i).

1.1.2. Notice that, in relation to the moduli spaces of curves M, 1, the higher symmetries of
stacky curves — or the rigidification A;j; of DM curves — are encoded within the lower m-step
solvable quotient HK,EA of Ty, .

Indeed, let us denote by (g,r) the topological type of Ayg. Since Ay contains a dense
schematic curve X, a surjective morphism Ilx,, — A onto A abelian groups defines a certain
A-cover Z — X, that is, a point 2: Spec K — M, 1) of the moduli spaces of curves of genus g
with r marked points, with a stack inertia group such that A <7y > < ILx,, — see Section 3.1.2
and Section 1.3 below. On the other hand, recalling that the stack inertia groups are homotopic,
that is Zx,,, » < Ilx, a certain abelian-period condition as in Section XX, ensures that the stack

inertia survives in A. Taking A = Ay, / Agi)ig, that is the (maximal abelian) 1-step quotient,
motivates the use of derived series {Agé)lg} k>1 and m-step maximal quotient A%ﬁg for our stacky

anabelian study — see Notations below.

In accordance with the G i-action on Ay < Ily, we further denote H)A(_m = HX/AE\T), so that
our second main series of results can be stated as follows — see Theorem 3.24 with Remark 3.26,
Section 2.4.3, and Section 3.3

Theorem 1.2. For X and X’ stacky curves over K a finitely generated field over Q, which
are affine, non-perfect, and hyperbolic, with (gx,rx) # (0,1), the Grothendieck 5-step conjecture
holds, that is:

X = X' if and only if IR ™° = TI%7° (*)m=>5

Furthermore, the level m = 2 (resp. m = 3) is optimal for characterizing the affineness (resp.
the hyperbolicity) of X. For DM curves, the Grothendieck m-step conjecture doesn’t hold for any
m > 1.

Establishing this result relies on a 4-step weak Grothendieck conjecture result for affine curves
of [Yam24] by specialization to generic fiber that echoes Oda-Tamagawa’s good reduction cri-
terion of [Tam97|, and on a certain cover provided by Theorem 1.3; passing from Xz to a
finite étale schematic cover as given by Theorem 1.3 above adds another step. We show in sec-
tion 3.3.3 how the potential non-solvability of the generic stack inertia stands as an obstruction
to the m-step anabelianity of DM curves.

We recall that this result is part of a broader series of progress: for number fields (m-step
solvable for Neukirch-Uchida’s Theorem for m = 3, Saidi-Tamagawa [ST22]), for affine hyperbolic
curves (m = 4, see [Yam24|), and for proper hyperbolic curves (m = 5, Mochizuki [Moc99|
Theorem 18.1) — for a similar birational almost-abelian approach, we also refer to [Top16].
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Since the Grothendieck m-step conjecture implies the Grothendieck m — 1-step conjecture, the
result above in particular recovers [Hos22| Theorem 4.5 and the rigidification part of Theorem 1.1.

1.2. Fenchel groups: profinite and truncated properties

1.2.1. The anabelian results above, in their m-step version, rely on the following m-step profinite
Fenchel-Nielsen result given in Theorem 2.18 and stated as follows.

Theorem 1.3. Every non-perfect profinite F'-group A admits a torsion-free open characteristic
subgroup whose quotient has derived length at most 3. When A is proper and satisfies a certain
abelian-period condition, the quotient can furthermore be supposed abelian.

This result generalizes and refines with purely group-theoretic argument a previous discrete
version — established in terms of Fuchsian and triangle groups, see [Zom07] Theorem 3.1 and
|CY25] Theorem 1.1, and more generally [Sah69]. It follows a profinite version of the Fenchel-
Nielsen Theorem given in Theorem 2.4.

Note that in the proper case — that is with no cuspidal data — the abelian-period condition
amounts to preserving the cyclic stack inertia groups in the derived group, see Section 2.2.1.

1.2.2. Exploiting this result leads to the development of further group-theoretic notions and
properties for F-groups and their maximal m-step solvable quotients.

As the result of hyperbolic profinite F-groups not being solvable — since containing a torsion-
free hyperbolic non-solvable group — we introduce the notion of m-step solvable and m-derived
perfect profinite groups — see Section 2.4.1.

perfect < O-derived perfect <= 0-step solvable <« trivial

1-derived perfect < 1-step solvable < abelian

4

m-~derived perfect <« m-step solvable

solvable

In addition to the previously mentioned characterization of the hyperbolicity by the maximal
3-step solvable quotient 6% of A, we further obtain the following group-theoretic properties:

(i) The list of periods, the sign of the Euler characteristic, the affineness property are iso-
morphism invariants of the group — see Proposition 2.6;
(ii) Every non-perfect hyperbolic profinite F-group admits infinitely many solvable quotients
of derived length ¢ for any integers ¢ > 4 — see Proposition 2.27;
(iii) The maximal m-step solvable quotients A™ are center-free for m > 3 in the cases r > 1
and (g,7) ¢ {(0,1),(0,2)} — see Proposition 2.23.
These group-theoretic statements, which are systematically exploited for establishing our an-
abelian results above, can also be seen as an application of anabelian geometry to group theory;
they can be of independent interest for the group theorist.

1.3. Stack inertia vs cuspidal arithmetic homotopy

As part of a broader project on the stack arithmetic homotopy of moduli spaces of curves
M ;) — in Grothendieck-Teichmiiller theory, where one gives a stack inertia definition of the
Grothendieck-Teichmiiller group GR ~ II" in [Col12]; in Galois-Teichmiiller theory, where one
establishes that the Gq-action on cyclic stack inertia has the same type as on the cuspidal one
[CM23]; and with respect to Oda’s problem, where stack methods establish a result originally
obtained in a cuspidal framework [CP25] — this paper realizes a more formal link between stack
inertia groups and cuspidal groups.
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Conceptually, the virtual wounding of the curve by the stack inertia is revealed in the derived
group as follows: at the level of the torsion-free derived subgroup Ag), the stack inertia disap-
pears and resurfaces as cuspidal points. More precisely, the number r,a) of cuspidal points is

given in terms of the orbifold periods of the stacky points — see Lemma 2.14.

The stack inertia-cuspidal inertia duality can also be seen at the proper-affine level. In the
case of proper profinite F-groups, namely of type (g,7) = (g,0), the abelian-period condition is
a numerical condition for the cyclic stack inertia to survive at the first stage of the derived series,
while in the affine case of type (g,r) = (0, 1), the number of cusps ry — where H corresponds to
a schematic étale cover of a stacky curve Xy, — is bounded by r5), and thus stands as a first
m-step obstruction to anabelian phenomenon as in Section 3.3.

All the anabelian results apply stricto sensu to the dimension one moduli spaces of curves,
that is, Mg 4) and M1 and their rigidification. Sensu lato, and as previously described, the m-
step results for stacky curves are related to the arithmetic of the special loci M ,)(A) of curves
that admit the abelian or cyclic group A as automorphism — we refer to [CM23| and Section 4.2
herein for details.

This cuspidal-stack inertia behavior suggests that the stack inertia should naturally appear
in the case of the m-step Grothendieck conjecture for proper hyperbolic non-perfect stacky
curves. In the affine case, the use of stack inertia-only arguments, as a replacement to the use
of Theorem 1.3, could also lower the bound from m =5 to m = 4.

Notations. For G a profinite group, we follow (unlike the classical anabelian papers) the usual group theoretic
notations {G®)};>¢ for derived series, where G(* := G, and G™ is the closure of [G™ ™Y G™~V] for m > 1.
The derived length of G, if it exists, is the minimal integer k such that G® = 1; the mazimal m-step solvable
quotient of G is defined as G™ = G/G<m). A group G is said to be perfect if G ~ lelh

2. GROUP THEORETIC PROPERTIES OF PROFINITE F-GROUPS

The notions of profinite F-group (where F' stands for Fenchel), and their related open subgroups,
are the group-theoretic notions corresponding to the geometric fundamental Ay, group of the
rigidification of a Deligne-Mumford curve X as in Section 3.1 — that is, of a smooth 1-dimensional
stack of finite type with trivial generic inertia — and its finite étale covers. After a brief reminder
on the basics of those groups, such as presentation, signature, Euler characteristic, hyperbolicity,
and affineness — which we show by anabelian methods that some of those are group isomorphism
invariants in Proposition 2.6 — we establish our Fenchel-Nielsen results in their profinite and

derived forms — see Theorem 2.4 and Theorem 2.18 respectively.

We also provide a group-theoretic criterion for the stack inertia to survive in the derived
series, establish some anabelian slimness and center-freeness properties, as well as a group-
theoretic characterization of hyperbolicity and affineness for non-perfect hyperbolic F-groups in
their 3-step quotient — see Section 2.4. We also note that the result does not hold at the 2-step
level.

This section serves as a preparatory group-theoretic introduction to the anabelian results on
Deligne-Mumford curves of Section 3.2 and the group-theoretic foundation of the m-step results
for stacky curves of Section 3.3.

2.1. Profinite F-groups and hyperbolicity

2.1.1. A profinite F-group corresponds to the geometric fundamental group of orbicurves. Since
topologically finitely generated, it can be obtained as the profinite completion of a discrete
Fenchel-group — see |[LS77] p. 126 for a definition in terms of Fuchsian groups. We recall that
discrete F-groups are residually finite, that is A < A — see [Sah69] Theorem 1.5 (a).
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Definition 2.1. A profinite group A is called a profinite Fenchel group, or profinite F-group, if
it admits a topological presentation of the form

g r k
<a17617"'>ag7ﬁg7fyl7"',’yr7615"'76k’H[aiaﬂi]'nfyj'n(slea 6?1::62k: > (21)
=1 7=1 =1
for some integers g, r, k € Z>o, and n; € Z>9 for each i = 1,...,k. The tuple

YA = (ga T {nlv s 7n/€})
is called the signature of A; here g is the (orbit) genus, r the number of cusps, and & the number
of orbifold points of periods nq,...,ng.

In a consistent manner with the geometric context [Wal61], the Euler characteristic x(A) of
a profinite F-group A with signature (g,r;{n1,...,nx}) is then given by

X(A):-Q—Qg—r—i(l—;). (2.2)

i=1
We say that A is hyperbolic if x(A) < 0.

Remark 2.2. The presentation (and hence the signature) of a non-trivial profinite F-group is not
necessarily unique. For example, the free profinite group of rank 4 can be seen as a profinite
F-group with signature (2,1;0) or (0,5;0).

Proposition 2.3. Let A be a profinite F-group with signature (g,r;{ni,...,ni}). Let H be an
open subgroup of A. Then H is a profinite F'-group with signature (gp,7H,{nH 1, - NH Ky })
whose parameters are defined as follows:
(i) The number ry, of cusps is given by ri = i, cyc(7;), where cyc(7y;) denotes the number
of disjoint cycles of the permutation induced by ~; in the quotient A/H.

(i1) The number kg of orbifold points is given by kg = Zle cyc(d;), where cyc(d;) denotes
the number of disjoint cycles of the permutation induced by 6; in the quotient A/H.

(iii) The orbifold data {n;}i=1,. 1 tdentifies as a multiset as {ng1,...,NEEy}t = {Mij}ti;j
where m;i; = n;/s;; and s; j denotes the order of the corresponding cycle in the decom-
position of the permutation induced by §;.

(iv) The genus gm is the unique rational number that satisfies the equation x(H) = [A :
H] - x(A) given by Riemann-Hurwitz.

The tuple (9u,"H, {NH1,- - NHEy }) 5 called the induced signature Z% of Ato H

Proof. Since A is the profinite completion of a discrete F-group A, and F-groups are residually
finite, that is A < A, one can assume that A is discrete. In this case, the induced representation
of H can be computed via the Reidemeister—Schreier rewriting process. ]

It follows directly that a profinite F-group A has no cusps if and only if all its open subgroups
have no cusps.

2.1.2. In its discrete original form, Fenchel’s conjecture states that every orbicurve admits a
topological finite cover by a variety; it was successively established by Bundgaard—Nielsen and
Fox [BN51; Fox52|, building on earlier work of Nielsen [Nie48| — see also [Cha83| for a last
erratum. The profinite version is a direct consequence of the discrete one.

Theorem 2.4 (Profinite Fenchel-Nielsen). A profinite F-group contains a torsion-free open nor-
mal subgroup.

Proof. Let A be a profinite F-group, which, by definition, we may assume is the profinite comple-
tion of a discrete F-group Ag. The discrete Fenchel-Nielsen theorem provides a cofinite normal
subgroup H <A that is torsion-free. Denoting H the closure of H in A, one has Aq/H ~= A/H,
thus H is an open normal subgroup of A. Furthermore, since Aq is residually finite, the natural
map H—H<Aisan isomorphism by [BCR16| Corollary 2.8.

Since H is residually finite and torsion-free, the group H =~ H < A is also torsion-free and
satisfies the required assumptions. O
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A straightforward application of Theorem 2.4 provides a group-theoretic characterization of
hyperbolicity, parabolicity, or ellipticity of a profinite F-group. We recall that a group is said to
be virtually abelian if it has a cofinite abelian subgroup.

Corollary 2.5. Let A be a profinite F-group of signature (g,r;{ni,...,nk}), then A is hyper-
bolic, that is x(A) < 0, if and only if A is not virtually abelian.

Similarly, A is elliptic, that is x(A) > 0 (resp. parabolic, that is x(A) = 0), if and only if A
is finite (resp. A is infinite and virtually abelian).

Proof. Let H be the cofinite torsion-free normal subgroup of A given by Theorem 2.4. By
Proposition 2.3 (iv), one has x(A) > 0 if and only if x(H) > 0 (resp. x(A) = 0 if and only if
X(H) = 0), and the corresponding characterization for profinite F-groups follows directly from
the discrete one. O

Proposition 2.6. For a non-trivial profinite F'-group, the list of periods, the Euler character-
istic,and the affineness, are isomorphism invariants of the group. More precisely, denoting A?Er
the abelianization of the torsion-free quotient of A:

X(A) = 2 — rankg, (A% — ¢ — Xk: (1 - 1)

, n;
=1
where e =1 (resp. € =0) if A is affine (resp. not affine).

The proof relies on some group-theoretic reasoning that is classical in anabelian geometry, see
also § 2.4.3. We recall that by Def. 2.1 the abelianized A®" identifies with:

- (zo‘i ® zﬁl) & @::_11 Zv; @ (EBf:l(Z/mZ) . 51') when r > 1
L (Zaelp) o (12 2/n2) /(1. 1), when 7 = 0

abg

(2.3)

Proof. The non-triviality assumption excludes the first two non-hyperbolic cases of Table 1. By
[MocO7a] Lemma 2.1 (iv), the closed subgroup generated by some conjugate of d; for some i
is characterized as a maximal finite subgroup, and for any distinct indices ¢, j, the intersection
(0;)N(d5) is trivial. Thus, the periods {n1,...,ns} are characterized as the orders of the conjugacy
classes of the maximal finite subgroups of A.

The affineness follows the existence of a non-abelian free open subgroup H of A given by
Theorem 2.4: if r > 1, then by Eq. (2.3), H is a non-abelian free profinite group, while otherwise,
H is a surface group.

The formula for x is then immediate from the presentations of Eq. (2.3), with e = 1 if and
only if Ao, is a free group as above. O

2.1.3. In the direction of the more systematic treatment of m-step properties of profinite F-
groups of Section 2.3, let us give a direct consequence of Theorem 2.18 regarding the perfectness
property — that is on the triviality of G&> = G/G(l).

Corollary 2.7. Any non-trivial open subgroup of a non-perfect profinite F-group is non-perfect.

Proof. We first show that the maximal solvable quotient A% of A is an infinite group. Indeed,
by Theorem 2.4, there exists a torsion-free open normal subgroup H < A such that A/H can be
assumed to be solvable by [Sah69] Theorem 1.5(c). Since H() is a characteristic subgroup of
H, it follows that H(®) is normal in A, and we obtain the following commutative diagram with
exact rows:

1 H A AJH—=1
1 Hab A/HY — - A/JH ——>1

Since H?" is infinite, A/H ™) is also infinite. Additionally A/H®) is solvable thus A% is infinite.
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Let M be a non-trivial open subgroup of A and assume that it is perfect. Note that if the
composite M < A — A% is non-trivial, then M has a solvable quotient. Since perfect groups
have no solvable quotient, it thus follows that M < ker(A —» A®M). This contradicts the
openness hypothesis on M, since by the claim, ker(A — A%) is not an open subgroup of A.

O

2.2. Torsion freeness for commutator subgroups in the proper and (0, 1) cases

2.2.1. In the case of a compact profinite F-group, that is with no cusp, we relate the orders of
the inertia subgroups to the cardinality of the abelianization and the signature of the commutator
subgroup in this case. Our numerical condition for the orbifold inertia groups I; < A to survive
in the abelianized group is as follows

Lemma 2.8. Let A be a profinite F-group with signature (g,0;n1,...,nk), and assume that
k > 2. Then the order of an orbifold inertia group Iy = (&) in A is given by |Iy| =
ged(ngg, lem(nglj # d9). In particular, n;, divides lem(n;|j # io) if and only if the natural
morphism I, — A® is injective.

Proof. Let ¢ be the natural homomorphism:

1/;:;‘@2-& » (g%zh%-@) /<Zk;5>

Then kert is generated by (n1,0,...,0),...,(0,...,0,nx) and (1,...,1). Consequently, the
tuple (0,...,0,0,0,...,0) is in kert if and only if the system of congruences a = b (mod n;),
a =0 (mod nj), j # i, has a solution, that is, if and only if gcd(n;,lem(n; | j # i)) divides b.
Since the order of d;, in A" equals the smallest positive integer b that satisfies the above
required condition, the order of the image of &;, in A" is given by ged(ng,, lem(n; | j # io)).

For the second assertion, note that, for n;, to divide lem(n;|j # ig) is equivalent for n;, to
satisfying the condition n;, = ged(ni,,lem(n;|j # io), which is equivalent to the order of d;, in
A® being equal to n;,. g

Note that following Remark 2.11 below, the condition k& > 2 is necessary for the derived
subgroup of A to be geometric, that is, to be realizable as an analytic surface group. In the

following, we note A2> the maximal abelian torsion quotient of A" and Ag = ker(A — A2P).

Signature (X) Group X derived length
(0,0;0) {1} 2 0

(0,0: {n}) ) 141/ 0
(0,0;{n1,n2}) Z/ged(ny,n2)Z 1/n1+1/ne 1
(0,0;{2,2,n}) D,, (Dihedral group) 1/n <2
(0,0;12,3,3}) Ay 1/6 2
(0,0;{2,3,4}) S4 1/12 3
(0,0;{2,3,5}) As 1/30 non-solvable
(0,1;0) {1} 1 0
(0,1;{n}) Z/nZ 1/n 1
(0,0;{2,3,6}) (Z x Z) X\ Z./6Z 0 2
(0,0;{2,4,4}) (Z x Z) X\ Z.]AZ 0 2
(0,0;{3,3,3}) (Z xZ) X Z/3Z 0 2
(0,0;{2,2,2,2}) (a,b,c|a? b% c2, (abc)?) 0 2
(0,1;{2,2}) 7.)2Z + 7.)27 0 2
(0,2;0) Z 0 1
(1,0;0) ZxZ 0 1

TABLE 1. The list of non-hyperbolic profinite F-groups
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Lemma 2.9. Let A be a profinite F-group with signature (g,0;{n1,...,ni}) and assume k > 2.
Then Card(A) = ged([ [,y ni, Card I = k — 1) and Ag is open in A, with induced signature

tor
YA, = (g',O; {wiy w1, woy .. wa, L., wk,...,wk}),
m1 times ma times my times
where we denote
_ cad(am)

W = - ~ m; ‘= - >
ged(ng, lem(n; | j # i) ged(ni, lem(n; | j # i)

and ¢’ is the unique integer that satisfies the equation of Proposition 2.5 (iv).

Note that in the notation ¥A, we omit the indices ¢ for which w; = 1. Under the assump-
tion ¥a = (0,0;{n1,...,n}), the same statement holds, replacing A (resp. Ag) by A2P
(resp. A(D),

Proof. By the presentation of A and Eq. (2.3), we have A2> = (Hf:1 Z/nZ)/{(1,...,1)) which

tor
is finite and implies that Ag is open in A2P . Let us compute its order. Fixing p a rational prime,
we compute

ord,, (lcm(nl, cooymy) - ged (H n;

iel

k—1
Cardl =k — 1)) = ordp(ng) + Zordp(ni)

i=1

k
= ord, (H nl> .
i=1

k
Cardl =k — 1) =T n (2.4)
=1

Running over all rational primes, we then obtain

lem(ng,...,ng) - ged (H n;

iel

which in turn implies

ab HI‘C:I U
Card Al = ¢ ] = ged H n;

lem(ny,...,n
(17 s Tk il

Card[zk:—l).

Since AP is abelian, we have that every disjoint cycle of the permutation induced by &; on

A2b has the same order ged(n;,lem(n; | j # ), which is the order of &; in A2> by Lemma 2.8.

tor tor

By Proposition 2.3 the induced signature of A is thus given by

! -
(g,O,{wl,...,wl, W2, ..., W2, ..., wk,...,wk}).
——
m1 times mo times my times

O

The two previous lemmata motivate the introduction of the following condition on the periods
of orbifold points.

Definition 2.10. Let A be a profinite F-group with signature (g,7;{ni,...,nx}) and & > 2.
We say that A satisfies abelian-period condition if

Vie{l,..., k}, n; divides lem(nj | j # ).

By Proposition 2.6, this condition does not depend on the choice of the signature of A. As a
convention, in the case k = 0 (resp. k = 1), we say that A satisfies (resp. does not satisfy) the
abelian-period condition.

Remark 2.11. For discrete F-group the abelian period condition is nothing else than the L.C.M.
condition of [Mac65] which guarantees that a given abelian group, in particular the derived group
of a discrete F-group, can be realized as the automorphism group of an analytic surface.

We show that, in the case of F-groups with no cusps, the abelian-period condition characterizes
the torsion-freeness of commutator subgroups.
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Proposition 2.12. Let A be a profinite F-group with signature (g,0;{n1,...,ng}). Then the
following hold:
ab

(1) The group A satisfies the abelian-period condition if and only if Ao = ker(A — A2) is
a surface group.
(i) The periods ny, ..., ny satisfy the condition

Vie{l,...,k}, either <nZ | lem(n; | j # z)) or < lcml(;[;fr;l];éz) > 2 ) (%)

if and only if Ag satisfies the abelian-period condition.
In summary, the following implications can be drawn:

A : abelian-period < Ag: torsion-free

¢ ¢
A (%) < A : abelian-period
Proof. Tf Ag is perfect, then A = ker(A — A2P) is not torsion-free and the condition (x) is not
satisfied. In particular, both sides of the conditions in the statements (i) and (ii) are always
false. In the rest of the proof, we may thus assume that A is non-perfect.

(i) By Lemma 2.8, the abelian-period condition is equivalent to the fact that the natural mor-
phism (&;) — A?" is injective for any i € {1,...,k}. Hence A satisfies the abelian-period
condition if and only if A N (§;) = {1} for any i € {1,...,k}. Since all torsion clements are
contained in one of the conjugates of (d;), this is in turn equivalent to AWM being torsion-free.
Finally, by Lemma 2.9, Ag is open and torsion-free and is thus a surface group, since it also has
no cusp by Proposition 2.3.

(ii) By Lemma 2.9, Ag is an open subgroup of A. Given the signature ¥, induced from A as
ibid. the condition (%) is thus equivalent to the condition that, for any ¢ € {1,...,k}, either
w; = 1 or m; > 2. Thus, if condition (x) is satisfied, then A, satisfies the abelian-period
condition.

Let us show the converse implication, and assume that the periods ni,...,n; do not satisfy
condition (x). Then there exists ¢ such that w; > 2 and m; = 1. Let p be a prime number such
that vp(w;) > 1, that is v,(n;) > max{vy(n;) | j # i}. Then, for any j # i

vplwy) = max{0, vy(ny) — max{vy(ng) | € £ j}} =0,

which implies that w; doesn’t divide lem(wj | j # @). Since m; = 1, this is exactly that Ay does
not satisfy the abelian-period condition. O

Example 2.13. Consider a profinite F-group such that (g,7) = (0,0) with periods given by
{n1,n2,n3} = {a1, a2as, agas} for some positive integers ay, ..., as coprime to each other. These
periods don’t satisfy the condition (x), since we have agas t lem(a, agas) = ajazay and ay -
(agaq)/lcm(ar, azaq) =1 < 2.

Let us compute the signatures of A and (AM)M),

(i) For A, by ged computation, one obtains A?P 2 7 /a,7Z, and finally
wp=a1, we=a3, w3=asandms=ay, me=1 mg=1.
Therefore AM) has signature

EA(U = (0707 {a17 cee,al, a37a4});
———

az times

and its periods satisfy only the condition (x), since ag { ajas and aj?as/lem(ar, as) =
az—1
aj > 2.
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(ii) By a similar computation, the group (AM)() has signature

aa2—2
14 (ag(al—1)—2a1>,0;{a3,...,a3, a4,...,a4}
2 —_— Y—

2

ag—1 . ag—1 .
a12 times a; times

whose periods satisfy the abelian-period condition.

2.2.2. The following lemma explains why, in the m-step anabelian reconstruction, the case of
profinite F-group A with a signature such that (g,7) = (0,1) has to be handled specially: for
any torsion-free open normal subgroup H < A — that would correspond to a finite cover of the
curve — the number of cusps rg is bounded above, by 7,1). Note that one can find hyperbolic
examples with 7,1 = 1.

Lemma 2.14. Let A be a non-perfect profinite F-group with signature (0,1;{n1,...,ng}). The
commutator subgroup AWM is a torsion-free open normal subgroup of A with induced signature
given by

k
[liy i

lem(nq,...,ng)

1
gam =5 (—X(A) Card(A®) +2 — T'A(1)> and Ty =
Furthermore, if A is hyperbolic, then gaay > 1.
Proof. As previously, the presentation (2.1) implies:
k
AP (@ Z/niZ - 5Z~>
i=1

and it follows that A(Y) is a torsion-free open normal subgroup of A. By this isomorphism, v,

is mapped to the element (—1,---,—1). The permutation action of 41 on A?" is thus given by
disjoint cycles of length ord(—1,...,—1). We now obtain from Proposition 2.3 that
Card(A2P) Hle n;
TA(l) = = .
Al ord((—=1,---,-1)) lem(nq,...,nk)

By the Riemann-Hurwitz formula for profinite F-groups we now have

1 a
gana) = 5 <—X(A) Card(A b) + 2 — T‘A(1)> .
This completes the proof of the first assertion.

Next, we assume that A is hyperbolic. We have

_X(A)_(i(l—é)>—1_(/¢—1)— y -

i=1 =1
Multiplying both sides by lem(n, ..., ng), this implies that

m(ny,...,ng)

k
—x(A) -lem(ny,...,ng) = (k—1) - lem(ny,...,ng) — Z lo
i=1

n;
Here, the left-hand side is positive by the hyperbolicity hypothesis, and the right-hand side is an
integer immediately. These imply that
—x(A) -lem(nq,...,ng) > 1.
Therefore we get

k k
[Timini > [lisn

X( ) Card( ) X( ) Cm(nla 7nk) lcm(n17 R 7’)’Lk.) - lcm(nl, e ,nk;)

Thus, by the first assertion, we have

1
A = 5 (—X(A) Card(Aab) +2— TA(U) > (TA(U +2— TA(l)) =1.

| =
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]

From the orbifold inertia point of view, on the other hand, A?P still contains all the orbifold
inertia groups, and since A?P = EszlZ/niZ, the subgroup A() is also the minimal torsion-free
open normal subgroup of A whose quotient is abelian.

2.3. Non-perfect Fenchel-Nielsen and applications

We establish some refinements of the profinite Fenchel-Nielsen Theorem from the perspective
of solvable quotients of bounded derived length. For a profinite group A, we recall that G(™)
denotes its topological m-derived subgroup, and G™ = G/G(m) its mazimal m-step solvable
quotient.

2.3.1. The following provides a combinatorial group theoretic criterion for perfectness. Its proof
relies on a numerical lemma, which is stated hereafter.

Proposition 2.15. Let A be a nontrivial profinite F-group with signature (g,r;{ni,...,ng}).
Then A is perfect if and only if (g,r) = (0,0) and ged(ng,n;) =1 for any i # j.

A similar statement holds in the discrete case, which relies on some Fuchsian-group arguments,
see [Sah69] Theorem 1.5 (b); the following proof is purely group-theoretic and in terms of the
fundamental group.

Proof. First, assume that (g,7) = (0,0) and that ged(n;,nj) = 1 for any ¢ # j. Since A is
nontrivial, we must have k > 2. Under these hypotheses and by the presentation (2.1), we have

k
AP (HZ/nﬂ) J{(1,...,1)). (2.5)

By the Chinese remainder theorem, since ged(ni, nj) =1 for all i # j, the group (Hle Z) niZ>

is cyclic and generated by the element (1,...,1). Hence, the group A?’ is trivial in this case.

Next, we show the converse implication. Let us assume that A?P is trivial. By the presentation
(2.1), we have the following isomorphisms depending on whether r =0 or r > 1

g r—1 k
AP o~ @(2()@ @ 251) @ @2% @ (@(Z/an) . 51-) (when r > 1)
i=1 i=1 i=1
g k
Agb @(20@@2@) ® (HZ/nzZ> /{(1,...,1)). (when r = 0)
i=1 i=1

The fact that A* = {1} thus gives that g = 0 in both cases. Moreover, if r > 1 the signature
has to be (0, 1;0) and A itself is trivial in that case, a contradiction. We thus have (g, ) = (0, 0).
If kK <1, then A is again trivial, and so we may further assume that k£ > 2. By Lemma 2.9, we
get that

1 = Card(A®) = ged <H n;

el

CardI:k:—l).

We now remark that ged (Hiel ni‘CardI = s) divides ged (Hie[ ni}CardI =k— 1) for any s €
{1,...,k — 1} so that the former is again 1. By Lemma 2.16, we conclude that ged(n;,n;) =1
for all ¢ # j. O

Lemma 2.16. For ny,...,ng positive integers, one has

k—1
H ged(ni, nj) = H ged (H n;

1<i<j<k s=1 i€l

Card I = s)
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Proof. Let us fix £ a prime number and establish the equality for the f-adic valuation. Up to the
order of n;s, we may assume that ve(n1) < vg(n2) < --- < vp(ng), so the LHS becomes

k
vp H ged(ng, nj) | = Z w(ni):Z(k—i)w(ni).

1<i<j<k 1<i<j<k i=1

Denoting d := ged(] [;c;ni | Card I = s) for s = 1,..., k, the RHS gives:

k-1 k-1 k-1 s k
Ve (H ds> = wlds) =) (Z vg(ni)) = (k= i)ve(ny).
s=1 s=1

s=1 =1 =1

The equality then follows by running over every prime number /. O

2.3.2. We state a m-step refinement of the profinite Fenchel-Nielsen Theorem 2.4 in terms of
derived conditions. The following lemma is certainly well-known by experts.

Lemma 2.17. Let A be a profinite F-group and m a positive integer. Let U < A be a torsion-free
open normal subgroup such that A/U has derived length at most m. Then there is a torsion-free
characteristic open subgroup U < A such that AJU has derived length at most m.

Proof. Let U be a torsion-free open normal subgroup of A. As A is finitely generated, there are
only finitely many open subgroups of A with a fixed index (see [RZ10, Proposition 2.5.1(a)]).
Hence U = N epupa)$(U) = iz Ui is an open subgroup of A which is torsion-free and
characteristic by construction. The quotient A /U embeds diagonally into the finite direct product
of the groups [[;"_; A/U; so that it has derived length at most m since each of the factors has. O

In terms of anabelian reconstruction as in Section 3.2.2, and more generally as in Section 3.3,
the following result provides some group-theoretic criterion for the orbifold inertia to survive in
the derived group A®) (resp. A(l)), that is, in the m-step maximal quotients A? (resp. Al).

Theorem 2.18. Any non-perfect profinite F'-group /A contains a torsion-free open characteristic
subgroup whose quotient has derived length at most 3. We can furthermore choose such a subgroup
with a quotient that is
(i) abelian if and only if, either r > 1, orr =0 and A satisfies the abelian-period condition.
(ii) of derived length at most 2 if and only if, either (g,7) # (0,0), or (g,r) = (0,0) and A
satisfies the abelian-period condition.
Each of the previous numerical conditions above holds if one assumes the subgroup to be only
normal.

Note that we will only have use of normal subgroups in the rest of the text.

Proof. By Lemma 2.17 it is enough to show that open normal subgroups with the corresponding
properties exist.

(i) Let A®*T he the maximal abelian torsion quotient of A®. Since A*P'r is finite by the
presentation (2.1), ker(A — A2PtT) is an open normal subgroup of A whose quotient is abelian.
When r = 0, the equivalent follows from Proposition 2.12 (i). When r > 1, we have the following
isomorphism:
g r—1 k
Aab =~ @ <ZO{1 b Zﬁl> b @Z’}/Z b (@ Z/TLZZ . 61)

i=1 i=1 i=1

Hence ker(A — A2Ptr) is torsion-free. Therefore, the condition is always true when r > 1.

(ii) By (i), we may assume that r = 0. First, we show the case where (g,r) = (0,0). In this
case, we have that A1) is open in A (see Lemma 2.9). Hence, by (i), A} satisfies the abelian-
period condition if and only if there exists a torsion-free open characteristic subgroup of A®
whose quotient is abelian. Thus, the equivalence, which completes the proof of the case where
(g,7) = (0,0) by Lemma 2.17.



14 B. COLLAS, S. PHILIP, AND N. YAMAGUCHI

Next, let us consider the case where ¢ > 1 and show that A always satisfies the quotient
condition. Let Ao be the closed subgroup of A generated by all the torsion elements of A.
Then A/A is a profinite F-group with signature (g,r;0). For n € Z>2 and let us consider the
kernel K of the natural surjection A — (A/Ago)*P/n, which is a characteristic open subgroup
and contains all the torsion subgroups of A. By Proposition 2.3, the induced signature of K is
given by

Yk =(9K,0;{n1,...,n1, na,...,n2, ..., Nk,...,nk}), with p:==[A: K].
——
p times p times p times

Since g > 1, we have that p > 1, and thus K satisfies the abelian-period condition (Note that
K is non-perfect by Proposition 2.15.) Therefore, by (i), there exists a torsion-free characteristic
open subgroup H of K such that K/H is abelian. As A/K is abelian, A/H has derived length
at most 2.

We now prove the statement in the general case. From (ii), we may assume that (g,r) = (0,0).
We may also assume that £ > 3. Since A is non-perfect, there exist distinct indices i # j
such that ged(n;, nj) # 1 by Proposition 2.15. After reordering the indices if necessary, we may
assume that ged(ny,ng2) # 1. Let ¢ be a prime number dividing ged(ng, n2). Define the following
surjective morphism:

Vi A—=ZNHL, 61, dar— =1, 4 0fori#1,2.

Since ker(7)) is an open normal subgroup of A, it is also a profinite F-group whose induced
signature is

.fn1 n
(0,0; {7, % n3y -+, N35 o, Ny o, N })
N—— N——
£ times £ times

by Proposition 2.3, where %} and “# each appear only once, and each n; is repeated £ times for 7 >
3. Immediately, the induced signature of ker(¢) satisfies the condition () of Proposition 2.12 (ii),
and hence (ker(¢))(!) satisfies the abelian-period condition. Therefore, (ii) implies that there
exists a torsion-free open characteristic subgroup H of ker(1)) whose quotient has derived length
at most 2. Hence we obtain a torsion-free open normal subgroup of A whose quotient has derived
length at most 3. U

2.3.3. As a consequence, we can control the growth of cuspidal data in the derived quotients
— we further refer to Section 2.2.2 and Lemma herein for a discussion on the role of the case

(g,7) = (0, 1).

Corollary 2.19. Let A be a non-perfect hyperbolic profinite F-group. If r > 1 and (g,7) # (0,1),
resp. if (g,r) = (0,1), then for any integer ro there exists a torsion-free open characteristic
subgroup H of A such that the quotient A/H is abelian (resp. has derived length at most 2) and
that the the number ri of cusps of H satisfies rg > 1.

Proof. Recall that by the presentation (2.1), we have:

g r—1 k
A?P =~ @ <Zai @ Z&) @ @Z% @ (@ Z/niZ - 5@)
i=1 i=1 i=1

When (g,7) # (0,1), for any integer ng, there exists an open subgroup H of A?P such that H is
torsion-free and that [A®P : H ] > np. By taking ng large enough, and as a consequence of the
hyperbolicity when (g,r) = (0,2), the inverse image of H in A satisfies the desired conditions.
Next we assume that (g,r) = (0,1). Then by Theorem 2.18 (i), A contains a torsion-free open
characteristic subgroup H’ such that the quotient A/H’ is abelian. Since we are assuming that
A is hyperbolic, H' is also hyperbolic. Hence, by [Yam24| Lemma 1.5 (2) (3), there exists an
open characteristic subgroup H of H' such that the quotient H'/H is abelian and rg > 9. By
replacing H with the characteristic core of H in A if necessary, the assertion follows. O

Remark 2.20. An analogous statement, which is not used in this paper, also holds with respect
to g instead of r by applying [Yam24]| Lemma 1.5 (1) (3).
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2.3.4. We now deal, in terms of anabelian group properties and of m-step properties, with the
center freeness property of profinite F-groups. Recall that a hyperbolic profinite group is said
to be slim if the center Zy(G) is trivial for every closed subgroup H < G — see |[Moc04].

Proposition 2.21. A hyperbolic profinite F-group is slim. In particular, the center of a hyper-
bolic profinite F'-group is trivial.

This follows, up to quotient by a torsion-free open normal subgroup given by the profinite
Nielsen-Fenchel Theorem 2.4, the same exact arguments of [Moc04] Lemma 1.3.1, which relies
on the property that, for a hyperbolic curve X over a field k, the natural action

Auty(X) = Aut(HL (X, Qp)),

where ¢ is a prime number different from the characteristic of k, is faithful — We also refer to
[Nak94] Corollary 1.3.4 for an alternate proof in terms of the goodness of the orbifold fundamental

group.

For the reader’s convenience, let us recall the following lemma that will be used multiple times
—see [Yam24| Lemma 1.1 (i).

Lemma 2.22. Let m,n > 0 integers. Let G be a profinite group, and let H be an open subgroup
of G™T™ containing G(m)/G(m+"). Let H be the inverse image of H in G under the natural
surjection G — G™ ™. Then the natural surjection H™ — H™ is an isomorphism.

The following profinite F-group result extends a previous similar result for the maximal m-step
solvable quotient of free profinite groups (see |Yam23| Corollary 1.1.7).

Proposition 2.23. Let A be a hyperbolic profinite F-group and denote by m(A) the minimal
integer k such that there exists a torsion-free open normal subgroup A that contains A% . Then
A™ is center-free for any m > m(A) + 2.

Special cases of this result include the cases when A is torsion-free (with m(A) = 0), when A
is non-perfect (with m(A) € {0,1,2,3}) by Theorem 2.18, and when A is affine (with m(A) €

{0,1}).

Proof. We assume that A is non-perfect, since A™ is trivial otherwise. By the hypothesis m—1 >
m(A), there exists a torsion-free open normal subgroup H of A that contains A1) Denote

by H the image of H in A™. By Lemma 2.22, we have that A/H = A™/H and H*> =~ ",
Under the standard dual ¢-adic cohomology identification and the same argument as above, one
deduces that the conjugation action of A™/H on 7 is faithful, so that:

Z(A™) < (H = A=Al (2.6)
H

On the other hand, by the hypothesis m — 2 > m(A) there exists a torsion-free open nor-
mal subgroup H’ of A that contains A(™=2) so that A1) < H'(1)_ By applying [Yam26]
Lemma 2.3(4) to K = A™=1) we obtain that the conjugation action

H' /A 5 Aut((AM=D)b),
where (A(m=1)ab — A(m=1) /A(™) has no nontrivial fixed points. One thus obtains
Z (A™) N (AD JATM) = (A fAm)ATT < (Am=D A AT — 1) (2.7)

and by Eq. (2.6) and Eq. (2.7), we conclude that Z (A™) = {1}. O
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2.4. Affineness and hyperbolicity as 3-step properties for non-perfect groups

Since hyperbolic profinite F-groups are not solvable — by Profinite Nielsen theorem and the fact
that torsion-free hyperbolic profinite F-groups are not solvable — we formalize some finer notions
of perfectness for maximal m-step solvable quotients that potentially keep track of the stack
inertia according to the abelian-period condition. In this direction, one notices that the notion
of m-derived perfectness stands as an obstruction to checking if the orbifold inertia survives in
the maximal (m + 1)-step solvable quotient G™*1.

We establish our first group-theoretic characterization of hyperbolicity and affineness for a
profinite F-group within the 3-step solvable quotients.

2.4.1. Accordingly, our first refined definitions of perfectness is as follows.

Definition 2.24. A profinite group G is said to be

(i) m-step solvable if its derived length is at most m.
(ii) m-derived perfect if G™) is perfect, and derived perfect if there is an m such that it is
m-~derived.

Note that for a solvable group, the property of being m-step solvable is equivalent to being
m-derived perfect, see also Fig. 1.

Proposition 2.25. Let m > 0 be an integer, and let G be a profinite group. Then the following
conditions (i) to (iv) are equivalent:
(i) The m-derived subgroup G™ < G is perfect.
(it) The derived series {G*)} >0 of G stabilizes at stage m, i.e., G = G®) for all k > m.
(iii) The mazimal (m + k)-step solvable quotient G™*¥ is m-step solvable for all k > 1.
(iv) The group G is an extension of a perfect group by an m-step solvable group; that is, there
exists a short exact sequence

1-P—-G—S5—1,
where P is a perfect group and S is an m-step solvable group.
Proof. The first equivalence (1)< (ii) is immediate. The second one (ii) < (iii) follows from the
equality (G/G+D)(m) = Gm) /G(m+1) a5 condition (iii) is equivalent to G™) = Gm+1),
We have the following short exact sequence:
15G™ GG —1

Since G™ is m-step solvable by definition, assuming G(™ is perfect directly shows the implication
(ii)=-(iv). Finally, we show the implication (iv)=-(i). If m = 0, then G = P is perfect, and (i)
follows. We may thus assume m > 0. Since G is the maximal m-step solvable quotient of
G, there exists a surjection G™ — S. This implies G < P < G and we have the following
inclusions of groups

P <Gm < p<q.
As P is perfect, we have P(™) = P. Therefore, GI™ = P is also perfect. U

Lemma 2.26. Let m > 0 be an integer. Consider the following exact sequence of profinite
groups:

1-H->G—-Q—1
If G is m-derived perfect and Q is solvable, then H is m-derived perfect.
Proof. Let k € N be the derived length of Q. Then G*) ¢ H c G. Therefore, we obtain the
following sequence of subgroups of G:

Gktm) - g(m) - q(m)

Since G is m-derived perfect, we have G = G+ thus H™ = G and it follows that
H(™) ig perfect. Thus H is m-derived perfect. O
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perfect < 0-derived perfect < O0-step solvable < trivial

1-derived perfect < 1-step solvable < abelian

4 ¥

m-~derived perfect <« m-step solvable

N2
solvable

FI1GURE 1. Relations between step solvability and derived perfectness

Proposition 2.27. A non-perfect hyperbolic profinite F-group is not derived perfect and admits
infinitely many quotients that are solvable and of derived length k for any k > 4.

Proof. Let us first prove the non-m-derived perfectness for any m > 0. By the non-perfectness
hypothesis, we may assume m > 0. We first claim that a non-abelian torsion-free profinite F-
group is not m-derived perfect for any m. Indeed, such a group admits a surjection onto ]/F\‘z, the
free profinite group of rank 2. The claim follows from the fact that F, has quotients isomorphic
to solvable 2-generated groups with arbitrarily large derived length (for example, iterated wreath
products (Z/27) 1 (Z/2Z) - - - of length d).

By Theorem 2.18, there exists a torsion-free open normal subgroup H of A such that A/H is
solvable, and moreover, H is non-abelian by the hyperbolicity. In the case where A is m-derived
perfect, Lemma 2.26 implies that H is also m-derived perfect, which contradicts the claim.

Since the derived series {A(®};50 does not stabilize by Proposition 2.25 (iii), the second claim
follows by forming the quotient by A® for i >> 0 . O

2.4.2. The smallest finite groups of derived length 3 are the symmetric group Sy and the special
linear group SLo(FF3), both of which have order 24. We thus immediately obtain the following:

If A is hyperbolic, then Card(A%) > 24.

By Table 1, a profinite F-group with signature (0,0;{2,3,4}) is isomorphic to Sy. The next
proposition shows that, conversely, this is the only case where A2 is isomorphic to Sj.

Proposition 2.28. Let A be a profinite F-group. If A3 is isomorphic to Sy, then the signature
of A is (0,0;{2,3,4}).

Proof. Assume that A3 is isomorphic to Sy. By Theorem 2.18 (ii), we may assume that the
signature of A is (g,7;{n1,...,n,}) with (g,7) = (0,0), since otherwise Card(A3) would be
infinite. The derived series of Sy is {1} < Vj < A4 < Sy, and the successive quotients are

Vi 2 Z)27 X L)2L, Ay)Vi = Z)3Z, Si)As=T)27.

Let us compute the signatures of AM, A®) and AG). By Asb =~ 727 and Lemma 2.9, we
have

ab Hf:l i
2 = Card(A*) = lem(ny,...,ng)"

Hence, after reordering the periods if necessary, we may write
ny = 2@1, Nng = 2°‘a2, n; = a; (’L > 3),

where o > 1, each a; is odd, and the a; are pairwise coprime. In this case, the induced signature
of A is

(0,0;{&1, 20‘710’27 as,az, ..., ak7ak})~



18 B. COLLAS, S. PHILIP, AND N. YAMAGUCHI

Again, by (AM)2P = 7,/37 and Lemma 2.9, we obtain

-1 2 2 k
a1 -2 tas - as...a
3 = Card(AM)?P = — 3 k — Hai,
a1~2 az - as...ag i3

which implies that a3 = 3 and a4 = --- = a = 1. In this case, the induced signature of A% is
(0,0; {a1, a1, a1, 2* 'as,2° as, 2% as}).
Again, by A®) JAB) = 7,/27, x 7,/27 and Lemma 2.9, we obtain

3 93(a—1),3
2)\ab _ @12 @2 2 92(a—1) 2
4:Card(A( )) — m :a12 ( )a2.

Since a1 and ao are odd, this forces a1 = as = 1 and a = 2. Therefore the signature of A is
(0,0;{2,3,4}) as desired. O

By similar computations, we can show that some other group does not occur as A3. For
example, we check that SLy(F3) never arises in this way.

2.4.3. We already established that for a profinite F-group, the hyperbolicity and affineness
properties are group-theoretic, see Proposition 2.6. Let us consider the characterization by m-
step solvable quotient for m > 3. We recall that the Chen ranks {O(A) = dim(gryA?)}>1, of
a group are also some group-isomorphism invariants — see [Che51].

Proposition 2.29. Let A be a non-perfect profinite F-group.

(i) The group A is hyperbolic if and only if A3 is of derived length 3 and not isomorphic
to S4.

(i1) The group A is affine if and only if A3 is hyperbolic and contains a torsion-free group
H a A3 of abelian quotient such that

O(H) — 2 (tkz((H?)™)? — tkz((H?)™) = 0

In particular, if two non-perfect profinite F-group have isomorphic 3-step derivable quotients,
they are both affine or hyperbolic as soon as one is so.

Note that the hyperbolicity property cannot be characterized using the 2-step quotient only,
since curves of signature ¥, = (0,0;{2,2",3}) all have S3 as 2-quotient, while the curve cor-
responding to ¥ is non-hyperbolic. For hyperbolic curves to have a 3-step quotient of derived
length 3 stands in sharp contrast to the non-hyperbolic case, since the derived length of every
non-perfect, non-hyperbolic profinite F-group is at most 2 — except for the case (0,0;{2,3,4}),
see Table. 1.

The proof of Proposition 2.29 rely on Lemma 2.22 and the following lemma.

Lemma 2.30. Let A be a non-perfect profinite F-group. Then A is torsion-free if and only if
A?P s torsion-free.

Proof. If A is torsion-free, then it is a free profinite group or a profinite surface group. In both
cases the abelianization is also torsion-free.

Let us assume that A" is torsion-free and fix i € {1,...,k} — assuming A has at least one
torsion element. Then, the image of §; in A() is trivial for every i. By Lemma 2.8, the order of
the image of §; in A*" is ged(ny, lem(n; | j # 1)) = 1, hence n; is coprime to every period n; for
j # 1. However, as A is non-perfect this is a contradiction with Proposition 2.15. O

Proof of Proposition 2.29. We first treat the characterization of hyperbolicity. If A is non-
hyperbolic, then we conclude by the classification of Table 1 where all groups have derived
length at most 2 except Sy. The reciprocity follows from the existence of a solvable quotient of
derived length 3 by Proposition 2.27, while Lemma 2.22 implies that A3 is not 2-step solvable.

Let us consider the affineness property. If A is non-hyperbolic, then the assertion follows from
a direct computation using Table 1. Let us thus assume that A is hyperbolic, so that we can
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apply the afineness criterion of Theorem 2.18 (i), that is, if A contains a torsion-free open normal
subgroup whose quotient is abelian, then A is not affine.

It follows from Lemmata 2.30 and 2.22, that the non-affineness (r = 0) of A can be group
theoretically distinguished in A? — thus also in A% — from the case, where

either r > 1, or r = 0 and A satisfies the abelian-period condition,

In this case, the torsion-free open normal subgroup H of abelian quotient given by Theo-
rem 2.18 (i) provides an image H in A3, such that H? — H? is an isomorphism by Lemma 2.22.
Note that A to be affine is equivalent to H to be affine.

Furthermore, in both cases above, H is an infinite group: if r > 1, this follows from Corol-
lary 2.19; if r = 0, this follows from the abelian-period condition and Proposition 2.12 (i) since
AW contains a surface group. Moreover, since H is torsion-free, the group H? is the maximal
metabelian quotient of either a non-abelian free profinite group F' or of a non-abelian profinite
surface group S. Denoting g = rk((H?)?P) in both cases, we have

2¢%, — gy for F, affi
©1(H) = 29y and O2(H) = 9151 gH 1Ior I, alline case
291 — g — 1 for S, proper case,

see [Chebl] and [Mur66] § 3 for explicit formulae (resp. [SW19] Eq. (45)) for F' (resp. for S),
and we obtain the given numerical affineness characterization. O

3. ANABELIAN PROPERTIES OF DELIGNE-MUMFORD CURVES

In what follows, we assume an algebraic Deligne-Mumford stack X to be irreducible separated
and smooth over a field K that is of characteristic zero. For arithmetic and homotopic purposes
as in Section 3.1.4, we further assume that X is quasi-compact and geometrically connected.
Let us recall that, to a geometric point Z: Spec K — X, we can attach the (finite) stack inertia
group of its 2-transformation Zy z = Specf(jXI, where Z = X Xxyxx X denotes the inertia
stack of X'. These groups will be of central interest in our anabelian results.

We start by introducing the necessary basics on Deligne-Mumford curves towards the rigidi-
fication and coarsification homotopy sequences in Section 3.1.3. We obtain the group-theoretic
characterization of some discrete invariants such as the genus g and number of cusps r, in the
m-step situation for those, and in particular the stack inertia Z, of the generic and closed points
as subgroups of the étale fundamental group. This is done in Sections 3.2.1 and 3.2.2 which also
contains some first anabelian results for Ay and Xioarse. A homotopic and algebraic uniformiza-
tion result for Deligne-Mumford curves as Zy ,-gerbe over their rigidification is also established,
see Proposition 3.15. This finally leads to our main anabelian result for Deligne-Mumford curves
— see Section 3.2.4.

Building on the group-theoretic profinite F-group constructions of Sections 2.3 and 2.4 — which
rely on cuspidal and stack inertial properties — we obtain in Section 3.3 our main 5-step anabelian
result for stacky curves (or the rigidification Ay of a Deligne-Mumford curve). Even though the
generalization of the m-step question fails directly in the context of Deligne-Mumford curves,
we end by providing an anabelian result in the particular case of a trivial gerbe over an affine
hyperbolic curve.

3.1. Arithmetic homotopy of Deligne-Mumford curves

3.1.1. A Deligne-Mumford curve X, or DM curve, is a dimension-one Deligne-Mumford stack.
We denote by gy = dim(X,Oy) its genus, by {n1,...,n} the list of its periods — that is, the
order of the finite stack inertia group Zy ,, — and by Zy , its generic stack inertia group.

Definition 3.1. A smooth geometrically connected Deligne-Mumford curve X" over a field K of
characteristic 0 is hyperbolic (resp. affine) if there exists a compactification X < X by a smooth
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proper curve X over K such that D = X \ X is a Cartier divisor given as a finite sum of ry
points and such that its Euler characteristic

k
X(X) = CardzIXm) (2—29—7‘—2(1—7:;)) (3.1)

i=1

is negative (resp. if ry > 1). A stacky curve is a DM-curve with a dense open subscheme; it is
hyperbolic or affine under similar corresponding assumptions. The closed points of D are called
cuspidal points.

This definition of stacky curves is equivalent to the definition of “orbicurves” of [Moc03a],
whose terminology is more analytic-orbifold evoking.

Proposition 3.2. A Deligne-Mumford curve (X, D) over K admits

(i) A rigidified algebraic Deligne-Mumford stack Xiig, defined as the Gy-gerbe X — Xiig =
X ]Gy via the 2-quotient X [JG,, where Gy, is the Zariski closure of the generic inertia
Iy n <y (similarly for the divisor D — Diig).

(i) A coarse moduli space Xeoarse , that is a smooth curve over K whose geometric points
are in bijection with the geometric fiber of X.

In the rigidification, the 2-quotient removes Zy ;, from the inertia stack Zy of X as well as of
D; we refer to [AOV08] Appendix A for its construction. The coarse moduli is endowed with
a morphism m: X — Xoarse that universal among the morphisms from X to K-schemes. For
Deligne-Mumford stacks, the existence of Xcoarse is given by [KM97] Theorem 1 since X" has finite
diagonal. In the case of Deligne-Mumford curves, one can give a direct construction that follows
from the étale local description of X' as a quotient stack as follows.

Since X and its rigidification Xy;; have the same coarse moduli, one can assume that & has no
generic inertia. It is thus generically covered by a scheme X° and by a finite number of quotients
[Spec A/G;], where A is a 1-dimensional K-algebra and G; the finite stabilizing group of a stacky
point of X. The coarse moduli is obtained as the gluing of X° and of U; = Spec A%, which
can be done since a curve is determined by its fraction field and its ramification data. One then
checks directly that the resulting map X — X,oarse Satisfies the universal coarse moduli property.
Since X.oarse has at worst quotient singularities, it is thus a normal curve, hence smooth.

The moduli spaces of curves M, (,,;, whose S-fibers are families of curves C' — S of genus g
with Cartier divisor of degree m, provide examples of hyperbolic DM-curves for (g, m) = (0,4)
and (1,1). Their generic inertia groups are, respectively, the Vierergruppe V; and the involution
group Z/27Z.

Remark 3.3. By definition of D, and following [AOV08| § 3 for the genus equality, one has
(gX? TX) = (choarse’ rXcoarse)'

3.1.2. Fixing a geometric point x of X, consider the étale fundamental group Ily = ﬁ?t(X , )

and the geometric fundamental group Ay = 7$"(X x k) — we refer to [Noo04] for a definition
in terms of Galois category and to [Zoo01| in terms of étale topological type; since X is normal,
they are both equivalent by [AM69] Theorem 11.1.

Fixing k£ < C and denoting X'(C)*" for the analytic orbifold associated to X, it follows from a
Riemann existence theorem, as in [Fri82| Theorem 8.4, that we can apply [BNOG| Proposition 5.6.

Proposition 3.4. The geometric fundamental group Ay of a stacky curve X is a profinite F-
group that identifies as Ay ~ 7™ (X (C)*, x). If X is of genus g with r cuspidal points and k orb-
ifold points of periods {nx 1,...,Nx ky }, the signature of X is given by Xx = (gx,rx;{nx1, -, Nx iy })-

In particular, the Euler characteristic of a stacky curve is given as in Formula 2.2, and we
remark that the Euler characteristic Eq. (3.1) is just x(X) = x(Xig)/ Card(Zx 4), so

X is hyperbolic if and only if Xyig is hyperbolic
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. Similarly, X is affine if and only if &} is affine. In a similar spirit, we say that a DM curve is
non-perfect if its geometric fundamental group Ay is non-perfect.

Note that by Proposition 3.6, the geometric fundamental group Ay of a DM curve is the
extension of a finite group Zy , by a profinite F-group m$*(X,i; x K) with presentation as above.

We further recall that to each closed point x € D of the boundary is associated, up to
conjugacy, a cuspidal inertia group L, p — Ily, and that an étale local description gives Z, p ~
Z(1) x H, where H is a finite stack inertia group.

Similarly, stack inertia groups are homotopic subgroups, since by [Noo04] Section 4, one has by
Galois category formalism, for every geometric point Z of X', a group homomorphism wz: Zx z —
I[Iy. It then follows from the uniformizability of a DM curve of Proposition 3.15 — that is
X ~ [U/H| with U algebraic space and H finite group — and Theorem 6.2 ibid. that these
homomorphisms w;: Zy z < Iy are injective.

Remark 3.5. The uniformizability of the DM curves can also be deduced, by Theorem 6.2 ibid.,
from the injectivity Zx,, z < 7P""(Xg X K), the residual finiteness of F-groups by [Sah(9]

Theorem 1.5 (a), and the fact that Zx,,, z ~ Zx z/Zx as in Proposition 3.6.

3.1.3. At the homotopy level, the rigidification map X — &z and the coarse map & — Aioarse
give rise to two short exact sequences. The following is an algebraic version of [BN06| Proposi-
tion 7.5 that stands for the geometric group of hyperbolic analytic DM curves.

Proposition 3.6. A Deligne-Mumford curve over K admits a homotopy-rigidification exact
sequence
11— IX,"? — 7-[-(1%(‘)(’ j) — ﬂ(ft(Xrigyj) — 1, (32)

and similarly for the geometric fundamental groups.

Proof. Since a DM curve is geometrically unibranch, the exact sequence is given by [LV18]
Corollary 2.9, where it is sufficient to check the left exactness at the analytification level, since
(X (C)*™) ~ Ay — Iy: Since X(C)?" is one-dimensional, an application of van Kampen
theorem as in [Noo04] Example 6.3 implies the injectivity Zyx , < Ax. The exact sequence for

the geometric fundamental groups is given by [BN06| Proposition 7.5. O

The following is [Noo04| Theorem 7.12.

Proposition 3.7. Let X be a Deligne-Mumford curve, and denote Ny = (Zx z) the closure in
7Y (X, ) of the subgroup generated by the inertia groups of all the closed geometric points of X.
One has a homotopy-coarsification exact sequence

1 — Ny — m(X,2) — 71 (Xeoarse, ) — 1. (3.3)

Note that, since a hidden étale path x ~~ 2’ between closed points has the effect of conjugating
the stack inertia groups, the group Ny is a normal subgroup of m (X, x).

3.1.4. For X a Deligne-Mumford stack over K that is quasi-compact and geometrically con-
nected, it follows [ZooO1] Cor. 6.6 that one has a fundamental arithmetic-geometric exact se-
quence

1 =+ Ay = Iy = Gg — 1, which gives an outer Galois representation Gx — Out(A,)

where Out(Ay) denotes the outer automorphism group of Ay — the quasi-compactness implies
the right-exactness, and the geometric connectedness implies the left-exactness.

For simplicity, let us assume that a splitting of the exact sequence above is given, for example
by a rational point s: Spec K — X, so that

the previous outer Galois representation lifts to a Galois action ps: G — Aut(Ay).

As a substitute for a general description of this action — including the case where X is a global
quotient as in Proposition 3.15 so that the cuspidal inertia is potentially of the form Ip ~ Z x H
with H non-cyclic finite group — we recall the motivational example of X' = M, ,,,] the moduli
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stack of curves of genus g with m marked points. They are Deligne-Mumford over Q, and the
above Gq-action ¢, is given on an inertia group Z < Iy by conjugacy-cyclotomy, that is:

oy = g;’}r’yx".g%(, where v € 7 and for 0 € Gg
in the situations where

(i) Z ~ Ip, < Iy is a cuspidal inertia group associated to an irreducible component D; of
the border of the Deligne-Knudsen compactification of M, |, see for example [Nak02];
(i) I ~Zyz <Ily is a cyclic stack inertia group — see [CM23].
which both rely on the existence of a compactification of X with normal crossing divisors and
an intricate process in tracking the geometry of curves.

In the following, we further consider the (geometrically) mazimal m-step solvable quotient'
Hﬁ_m =1ly/ Ag,n) , which also fits into a natural exact sequence

1 - A% — H%fm — Gk — 1, and gives Gg — Out(A%) (3.4)
as before. In particular, this endows Ag? with a structure of Gg-module.
3.2. The Grothendieck conjecture for Deligne-Mumford curves

3.2.1. The group-theoretic characterization of the genus gy (resp. the number of cusps ry)
follows from group-theoretic data at the level of the coarse moduli space Xcoarse Which is a
smooth (schematic) curve (resp. at the level of the rigidification Xjig, which is a smooth stacky
curve).

Indeed, since by [Noo04] Theorem 7.12, the kernel of A3 — A% coincides with the subgroup

of Af{? generated by all the torsion subgroups, one obtains an isomorphism of Gg-modules

Aﬁ)/mr ~ A%}’. One can then proceed in terms of Frobenius weight as in [Nak90| § 2.4 by

considering the following exact sequence (resp. isomorphism) of G g-modules:
0 2(1) = ZIDE)| R 2(1) L AP — T(J5) -0 when ry #0 (3.5)
Z
(resp. AR = T(Jx), when ry = 0), where Z[D(K)] is the free Z-module with basis D(K), Z(1)
denotes the Tate twist, and f sends v ® 1 to a (topological) generator of the (cuspidal) inertia
group I, nav at v € D(K). The Gg-representations on Z[D(K)] @, Z(1) and T(J5) then have

Frobenius weights —2 and —1, respectively, by ibid. — see also |[Yam24| Lemma 1.2 for a positive
characteristic version.

Proposition 3.8. Let X and X’ be Deligne-Mumford curves over a field K that is finitely
generated over Q, and assume that X is mon-perfect. In this case, if H)A;m and H%fm are
isomorphic over G form =1 (resp. for m =3), then gx = gxr (resp. rx = ry).

Proof. We proceed as described above under the identification Ai;j/ tor A%}’. Let W5 be the
ab/tor

maximal G g-submodule of A’ that has weight —2. Then we have
rankZ(Wg) =Ty —&x (36)
ab/tor
ranks (A’ /t /Wa) = 2¢gx (3.7)

where ey =0 (resp. ex =1) if rx =0 (resp. rx > 1). If H)A(_m and Hﬁ,_m are isomorphic over

Gg for m > 1, then A?\?/ T and AiB/ o are isomorphic as Gx-modules, and it follows directly

that gx = gx’.

The affineness characterization by the 3-step quotient of Ajjs — which, group-theoretically, is
obtained by Proposition 3.10 — as in Proposition 2.29 (ii) implies rx > 1 if and only if ryp > 1,
then Eq. (3.6) gives rx = ry. O

1The anabelian literature commonly uses the notation Hgym), which has been updated so that it better reflects

the non-canonical choice of taking the geometric quotient and that it respects the group theory notation for
derived groups.
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Remark 3.9. As in the affineness characterization of Proposition 2.29 (ii) one can give a mono-
anabelian characterization of gy and ry, for example gy = 1/2 rankZ(Ai\}tor /W3). The char-
acterization of ry is more intricate and involves a certain group H and the equation on Chen
ranks, see ibid.

3.2.2. We now provide some stack anabelian properties. For X and ) Ax ILy

DM stacks, recall that we denote by Isomg,. (ITy, ILy)~ the 7§ (X x K)- + N
conjugacy orbit of the isomorphisms IIyy — IIx that commute over Gy, Ax,, — Hx,, = Gk
and similarly the automorphism version. 4 4 /'

From the immediate commutativity of the diagram on the right, AXiuse * HAourse
where Ay, ~ Ax /Iy, and Ax,,,.. ~ Ax/Nx, we then obtain

rig

Isomg (), X) v Isomg, (ITy, Ix) ~A,

| |

Tsom (Viig, Xeig) ————— Isomg, Iy, Ma,,) ~an (3.8)

| .

\choars
Isompg (ycoarsea Xcoarse) ; ISOHIGK (Hycoarse7 HXcoarse) ~Axeoarse

whose aim in this section is to study the bijectivity of the horizontal arrows.

Proposition 3.10. For X a hyperbolic Deligne-Mumford curve over a number field K, the
following hold

(i) The stack inertia groups of closed points Ly z are characterized as the mazimal finite non-
trivial closed subgroups of Ilx and the generic stack inertia group Ly j is the intersection
of all such groups. Furthermore, Ly j is characterized as the unique mazimal finite closed
normal subgroup of Ily.

(i) The generic stack inertia group is such that Z(Ilx) < Lx .

As a consequence, an isomorphism Ily — Ily induces an isomorphism Ly, — Ly, between
generic inertia groups, and an isomorphism Ilx,, — Iy, , and some isomorphisms between the
coarse and rigidified spaces.

In other words, Wis and Wegarse are bijections. Note that the group-theoretic properties of the
stack inertia groups are relatively and mono-anabelian — that is, they depend on the data of the
morphism Iy — Gg.

Proof. For (i), let I < Ily be such a group and consider the exact sequence (3.2), with p: Iy —
[x,,. Then by [Moc07b|] Lemma 2.1, there exists a stack inertia group Zx,;, z < Ilx,, such that

rig
Tx,,,z > p(I), and one further has

1— Ty, —p " (Taz) — Lo — 1

rig, T

with p*I(IXrig@) > I and equality by the maximality assumption. Finally I ~ 7;, with = a
closed point of X’ such that p(z) = z.

Consider I a closed normal subgroup of Ily. From [Moc12| Proposition 2.3 (i) we have that
Iy, is elastic, so that the image of I in Ily,, is trivial. It follows that Zy , contains I and is
maximal among closed normal finite subgroups of Ily.

For (ii), by the exact sequence (3.2), an element of Z(ILy) gives an element of Z(I1x,,,) which,
since X is a stacky curve, is trivial by the slimness of stacky curves as in Proposition 2.21.

Thus, an isomorphism IIy — ILy induces an isomorphism Zy, — Zy, (resp. Ny — Nx),
then, by corestriction in the homotopy sequence (3.2) (resp. (3.3)), an isomorphism Ily, —
I, (resp. Iyepe = Mtguee)-

Following [Hos22| Theorem 4.5, since the Galois geometric condition is automatically satisfied
over number fields, the isomorphism Oy, — Ix,, lifts to an isomorphism Yi; — Aig, which
in turn induces an isomorphism YVeoarse — Xeoarse-

O
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While of more restricted scope, see Remark 3.13 (i), the following is of independent interest.

Proposition 3.11. For X a Deligne-Mumford curve over a number field K, such that Xeoarse 1S
hyperbolic, the mono-anabelian characterization of the stack inertia groups at closed points of X
implies the bijectivity of Veoarse and Wiig.

Proof. For a given Gi-isomorphism Iy — Ily, proceeding as in the conclusion of Proposition
3.10, the group-theoretic characterization of the various stack inertia groups induces an isomor-
phism Iy, . — Ilx_ ... Since a number field is in particular a sub-p-adic field, the bijection
Ueoarse 18 then given by [Moc03b| Theorem 4.12 for hyperbolic curves.

It further follows the description of [GS17] Theorem 1 of A, as the root stack Ay =~
VD /Xcoarse and the group-theoretic characterization of the inertia groups IXrig,x’S at closed
points of Proposition 3.10, that a morphism ¢coarse: Veoarse — Xeoarse Can be completed in a
unique way into a commutative diagram

yrig e Xrig

l |

ycoarse Xcoarse

¢CO(ZT‘S€

so as to give the bijective map at the rigidification level. O

Results of Proposition 3.10 readily apply to the one-dimensional moduli spaces M 4 and
M 1, as well as to any of the special loci My ;) (7)ie of [CM23] with kr-data fixed so that the
special loci is one-dimensional. We record an additional straightforward one-dimensional result.

Corollary 3.12. For’ X = My 14 or M1 one has Z(My) = Iy y.

Proof. By Proposition 3.10 (ii), one has Z(Ily) < Zx,. On the other hand, recall that over
C the space M, |, classifies mapping class orbits of analytic structures of Riemann surfaces of
genus g with m marked points. The group Z(Ily) is thus a finite subgroup of 7¢™(X(C)), which
by Nielsen-Kerckhoff Theorem can be realized as the stack inertia group of a closed point of X.
This provides the equality by the minimality property of the generic stack inertia group. O

Remark 3.13.

(i) A DM-curve X and its rigidification Az (equivalently an orbicurve) are equivalently
hyperbolic since x(X) = x(Xg)/ Card(Zx ), while a coarse hyperbolicity condition is
weaker, since x(X) = (x(Xeoarse) — (1 — 1/n;)/ Card(Zx ).

(ii) It is a classical argument that over number fields, absolute bi-anabelian is equivalent
to relative bi-anabelian — see [Pop94| Theorem 2 and also [Moc15| Remark 1.11.1 (ii) —
that is, the Gg-invariance and ~-orbit conditions can be dropped in Propositions 3.10
and 3.11.

Lifting the results of Proposition 3.10 to &, in terms of a gerbe X — Ajj; or in terms of
bi-anabelian result, is the goal of Section 3.2.3 below.

3.2.3. We start by reviewing the notion of stacks in gerbes, that is a map of Deligne-Mumford
stacks X — ) that is an étale gerbe in the sense of Definition 3.14. Let X be an irreducible
Deligne-Mumford stack with generic inertia Zy ,. Our first goal is to show that the étale gerbe
structure of X — &g is entirely determined by the étale homotopy rigidification sequence.

Definition 3.14. Let G be a sheaf of finite groups over a Deligne-Mumford stack ). A map of
Deligne-Mumford stacks X — ) is an étale G-gerbe if for all schemes T" and all objects & € Y(T),
the pullback stack X xy T'is an étale £*G-gerbe over T

It follows from the definition that for € X'(T") and for some scheme 7" with image y € Y(7T),
there is a short exact sequence of finite groups

1 — Gly) —— Autex —— Auty —— 1.

2that should be the geometric group
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Indeed, the pullback & xy T is a neutral Gy-gerbe: for h € Auty there are objects 21 =
(x,id: T" — T,h) and 29 = (x,id: T" — T,id) of X xy T(T), so that by assumption the set
Isom(z1, 22) is a Gy-torsor. Thus, X xy T is non-empty and its elements are automorphisms
u € Aut x such that the square

p(z) 2 p(a)

b
Y — Y
commutes. This gives exactly that Autz — Auty is surjective with fibers that are G-torsors.
In the special case where Zy ; is abelian and where A}i; is a scheme, the proof is substantially
simplified. In that case we have a canonical isomorphism H 2(Xrig,IX,n) ~ H*(II Xrig>IX,n) and

the gerbe X' — Ajje is determined by the class of the extension given by the rigidification exact
sequence of Proposition 3.6.

The following result can be seen as an algebraic and homotopical refinement of [BN06| Propo-
sitions 4.6 and 7.7 that presents an analytic DM curve as a schematic global quotient. The
intricacy of its formulation reflect the mono-anabelian and group-theoretic reconstruction nature
of the result.

Proposition 3.15. Let X be a Deligne-Mumford curve with generic inertia Ly ,. Then there is
an isomorphism X ~ [U/H) over Xiig, where U is a scheme and H is a finite group such that:

(1) The scheme U corresponds to the Galois closure of a covering that trivializes the class of
the gerbe induced by pullback of X — Xiig to a covering V- — Xiig, where V' is a scheme
given by Fenchel-Nielsen theorem, with induced trivial outer action (V) = OutZx ,);

(i) The group H is the quotient My /m (U).

Furthermore X ~ [[U/Zx ,|/G]| where G is the quotient Iy /(Zx , x w1 (U)).

We also refer to Theorem 3.18 for a bi-anabelian statement.

The characterization of X as a neutral gerbe over A}, essentially follows Giraud’s char-
acterization by an element of H(X,Out(Z,.x,,)) ~ Hom(Ily, Out(Z, x,,)) by [Gir71] Corol-
laire 1.1.7.3 and Proposition 6.1.2, and by the image of a class [o] € H'(ILx,,,, Inn(Z;, x,,,)) —
H?*(x,,, Z(Iyx,,)) |Gir71] Ch. IV Prop. 3.2.6, where the class [3] is canonically given by the
exact sequence of Proposition 3.6.

Proof. We build the scheme U starting from the rigidification exact sequence
1 — Ty — 7 (X) — 75" (Xrig) — 1 (3.9)
in a series of steps.
Let Uy — &g be the cover associated with the kernel of the outer action My, — OutZy .
We thus have an exact sequence
1 — Ty — 75 (Ur Xy, X) — 71t (U1) — 1 (3.10)

with trivial induced outer action m (U X, ') — Out Zy ;. Denoting by E(m1(U),Zx, 1) the
set of extensions of 71 (U) by Zx, with trivial outer action, one obtains a canonical bijection
E(m(U),Zxy,1) ~ H*(m(U), Z(Zx,)) that is given by the choice of the direct product as the
class of 0.

Let Uy — X} be a schematic cover given by Theorem 2.18 applied” to HXrig and let Us be the
finite étale covering scheme Us — A}, that corresponds to the intersection m1(U1) N (Us). By
construction, the induced outer action m;(Us) — OutZy , is trivial so that our previous choice
of the direct product carries on to give a bijection E(m1(Us), Zx y, 1) ~ H*(m1(Us), Z(Zx,)) as
before.

Now, by the results of [Gir71] recalled before the proof, the group H?(m1(Us), Z(Zx,)) =~
HZ(Us, Z(Zx,)) classifies the Zy ,-gerbes over the scheme Us. Our choice of bijection sends

3le geometric plutot?
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the trivial gerbe to the direct product, which is compatible with the étale fundamental group
functor, so that the gerbe Us x x,,, X — Us is given by the class a € H*(m1(Us), Z(Zx y)) of the
extension

1— Ty, — 75(Us xx,, X) — 75 (Us) — 1. (3.11)

rig

As we are dealing with the cohomology of profinite groups, there is a cover Uy — Uz — X}
such that the image of o by the natural map H?(w1(Us), Z(Zx,)) — H*(m1(Us), Z(Zx 5)) is 0.
In particular, Uy X x,;, X — Uy is the trivial gerbe, that is, we have Uy X x,;, X ~ Us/Zx ).

Let Us be the Galois closure of Uy over A4z so that we have both Xy o~ [Us/G] for the finite
group G = Iy, /m1(Us) and Us X x,, X =~ [Us/Zx ). As m1(Us) < ker(Ily,, — Out Zx ), there
is a map G — OutZy, that gives an action of G on [Us/Zxy ] which is compatible with its
action on Us. The quotient [[Us/Zx ,]/G] is naturally isomorphic to X over X,z as we have a
cartesian square

[Us/Zxp] —— &

| |

U5 _— Xrig~

Finally, as we have a map of extensions, we get a commutative diagram

1 Txn m([Us/Ixy]) — m(Us) —— 1
H ! |

1 IXJ] > HX > ]'_'[Xrig — 1
| |
G ———=G

Since 7 ([Us/Zx]) is a direct product Zy, x m1(Us), the image of 71 (Us) in ILy is an open
normal subgroup with quotient H, an extension of G by Zy ,. Furthermore, we have [Us/H] ~
[[Us/Zxn)/G] =~ X as desired. O

The proof of Proposition 3.15 is “mono-anabelian” in the sense that we are able to recon-
struct the morphism X — A, up to isomorphism, using only the data coming from the étale
fundamental group.

Corollary 3.16. Let X and Y be Deligne-Mumford curves, and let f: Iy — IIy be an isomor-
phism. If the induced map f: Uy, — y,, comes from a geometric isomorphism f: Xiig — Vrig,
then there is a geometric isomorphism f: X — ) over f.

Proof. Let Uy and Uy be the schemes given by Proposition 3.15 for X and )Y respectively with
given actions by Hy and Hy. From the isomorphism ?: Xiig — g we get an isomorphism
u: Uy — Uy. The conclusion of Proposition 3.10 ensures further that A and ) have isomorphic
generic inertia groups, and it follows that the groups Hy and Hy are isomorphic with isomorphic
actions on the respective schemes that are compatible with u. The quotients are thus isomorphic,
and the resulting isomorphisms sit over f. (I

3.2.4. We now put together the content of Section 3.2.2 with Proposition 3.15 to obtain our
main anabelian result for Deligne-Mumford curves. We start with a lemma that deals with the
automorphisms of a Deligne-Mumford curve that reduce to the identity on the rigidification.

We first consider the restriction map AutIly — AutZy, and we denote by 6\1;%(1&,7) the
subquotient of Out Zy , under this image modded out by the image of the restriction of the inner
automorphisms of IIy.

Lemma 3.17. Let X be a Deligne-Mumford curve over an algebraically closed field. Then with
the notation above the natural map

AUtXrig X — (/)\u}ﬂ-(zxm)
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18 surjective.

Proof. Let U (resp. G) be the scheme (resp. the group) associated to X by Proposition 3.15, so
that X ~ [[U/Zx ,]/G]. Let f € Out Ty, given as an automorphism [U/Zy ,] fixing U. The map
f descends to an automorphism of X" as a stack over Ay, if it is equivariant for the stack-action
of the finite group G. Let us further denote by p the strict action.

By [Rom05] Definition 2.1, the fact that f is G-equivariant corresponds to the facts that f
commutes with the image of G in OutZy ;, and that we have a cocycle condition that we now

give explicitly. First, let s: G — InnZxy ; be a choice of a map such that by choosing a lift fof
fin AutZy , we have
fo p(g) o fN_1 = 540 p(g), where s is a cocycle.

In order to define a set of natural transformations that verifies the cocycle condition of [Rom05|
as in Rem. 2.4 ibid., the cocycle s needs to be lifted to a cocycle with value in Zy ;. From the
exact sequence

1 —Z(Ixy) — Ixy — InnZy, —1

we get an obstruction class to lifting s in H*(G, Z(Zx,)). One can check that this obstruction
class corresponds to the obstruction class to lifting f to an automorphism of Iy — see [Wel71].

It follows directly that for any element r € 6&7,(2;(,7,), there is a lift f € OutZy, that
corresponds to an automorphism of [U/Zy ). By construction this automorphism descends to
X, and by compatibility with the étale fundamental group functor, we obtain the surjection. [

Let us consider the image of the natural map

Autgy (Ix)~ — Outy(Zx,,) x Outgy (Ix,,, )

—G
given by quotient and restriction, that we denote by OutﬂK(In, Xrig)-

Theorem 3.18. For X and Y Deligne-Mumford curve over a number field with X a hyperbolic,
we have the following equivalence

Isom(X,Y) # @ if and only if Isomg, (Ilx,1ly) # @.
When Isomg, (ILx,Ily)~ is furthermore non-empty, we obtain:
(i) a bijection Isomg, (Ilx,Iy)~ — Autg, (x)~,
—G
(ii) a surjection Isom(X,Y) — 011t7rK(In7 Xiig)-

Proof. Let ¢: Ilxy — IIy be an isomorphism. By the conclusion of Proposition 3.10, the map ¢
induces an isomorphism of exact sequences

1 IT]X > HX 7T1<Xrig) — 1
I
1 Iy Ty T (Drig) — 1

and there is an isomorphism fiig: &g — g induced by the map on the quotients HXrig —
1 (Vrig)-
Thus, Corollary 3.16 gives an isomorphism f : X — ) such that the square

I

Xrig *> yrig
fng

commutes, which gives the first part of the statement. For the second part, we apply Lemma 3.17.
O
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Remark 3.19. In the special case where Xyjg = Xcoarse, One further shows, by considering the pull-
—G

back by the given torsor over &z functor, that the kernel of the map Aut X — Out " (In, Xrig)

is given by H'(Xig, Z(Zx ) = H'(ILy,,,, Z(Zx,y)). This coincides with the kernel of Well’s map

to the product @W(IXW) x Out Iy

rig *
3.3. The m-step solvable Grothendieck conjecture for stacky curves
Relying on the various group-theoretic constructions of Sections 2.3 and 2.4, which involve an op-

timal 3-step characterization of affineness and hyperbolicity, and some m-step control of cuspidal
growth in the affine case, we establish the main m-step anabelian results of this paper.

3.3.1. Let us first define the category of geometrically m-step Galois coverings — xm™ _?, xM
of a stack. Let K be a finitely generated field over Q and fix an algebraic closure

K. For X and X' stacky curves over K, we write X" — X (resp. X/ — X') l
for the maximal geometrically m-step solvable Galois covering of X (resp. X') x _ ¢ X’
— Note that X™ and X' are schemes over K. We further denote by Isom?/K(Xm/X, X’m/X’)

the set of isomorphisms (¢, ¢) € Isom?(f( m X! m) x Isomg (X', X”) such that the right-hand side
diagram is commutative.

Definition 3.20. For m,n > 0 integers, the image of the map Isomg, (Hﬁf(mﬂl), Héf(mwl)) —
Isomg, (H)A(_m, Hﬁ,_m) is denoted Isomgl;r”(ﬂﬁ_m, H)A(,_m).

Lemma 3.21. Let m > 1 an integer. For X and X' non-perfect stacky curves over a field K
that finitely generated over Q, the image of the natural morphism

Isomf/K(f(m/X,X’m/X') — IsomGK(H)Afm,Hﬁfm)
is contained in Isomg:"(ﬂﬁ_m, H)A(,_m) for any n > 0.
Proof. For any n > 0, we have the following commutative diagram with natural maps:

IsomF/K(X/X,X’/X’)

Isomg, (I, I1y/)

Isomg (Hggwn), Hg;77+n))

IsomF/K(f(m/X, X" X" —— Tsomg,, (T3~ ™, I3 ™)

Thus the image of IsomF/K(X'm/X, X"/ X') in Isomg,, (e, H%fm) is contained in the image

of Tsomgy,, (T3~ ™™ 115, (™), 0

The m-step anabelian result of Theorem 3.24 relies on a version of [Yam24| Lemma 4.11,
originally involving a generization process, that we recall for the reader’s convenience.

Theorem 3.22. Let U and U’ be affine hyperbolic curves over a field K finitely generated over Q,
and assume ry > 3 with (gu,ry) # (0,3), (0,4). Then for any Gk -isomorphism ®: H§_4 =
Hﬁf{ there exists a K -isomorphism f®: U —= U’.

The following is a key lemma in our m-step anabelian results.

Lemma 3.23. Let X be a non-perfect affine hyperbolic stacky curve over a field K finitely
generated over Q. Then for k> 2 (or k > 1 in the case (gx,rx) # (0,1)) the set
H is a torsion-free open normal subgroup such that

HE = {H <y Y
o : A[Xk}/A[)Ié—i_LL] CH, TxXy 2 3, and (gXH7TXH) §7§ {(073)7 (074)}

} (3.12)

18 non-empty and cofinal in the set of open subgroups H<1H§7(k+4) satisfying AE\],C)/A%CJA) C H,
where X denotes the Galois covering of X corresponding to H.
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Proof. In both cases the cofinality and non-emptiness are a direct consequence of Corollary 2.19.
In the case (gx,rx) = (0,1), the cofinal set can be initialized with the torsion-free open normal

subgroup H; < Hg?l), for k 4+ 4 > 5, that is given in ibid. [l
3.3.2. In the following, we say that the Grothendieck m-step anabelian conjecture holds for X
and X’ if the following equivalence holds
X 2 X' if and only if 5™ g, T3 ™. (*)m
We reach the main results of this paper regarding the Grothendieck m-step anabelian conjec-
ture for affine hyperbolic stacky curves.

Theorem 3.24. Let X and X' be two stacky curves over a field K finitely generated over Q, so
that X is non-perfect, affine, and hyperbolic, and assume that (gx,rx) # (0,1). Then for every
k > 1 the natural map

Tsomyg o (X*/4, X7 /&) = Tsom{ T (4~ 14 )
1s surjective. In particular, the Grothendieck 5-step conjecture holds, that is:
X 2 X' if and only if H/-,A‘f5 ok H)AJE’ (%)s

In the case where (gx,rx) = (0,1), denote {n1,...,ng} the periods of X, then the above holds if

we assume Hle n;/lem(ny,...,ng) > 3. In particular, the 6-step Grothendieck conjecture holds
for any hyperbolic (g,r)-data.

We recall that in the case (g,7) = (0,1), following Lemma 2.14, the number of cusps ry of
any torsion-free open normal subgroup H < A is bounded by

k
rg <ram = [ ni/lem(n,. .. ng).
=1

Proof. Let us first assume k > 2 and establish the k + 4-step Grothendieck conjecture, that is, in
particular, the 6-step Grothendieck conjecture. We consider the following commutative diagram
and we construct the dotted diagonal arrow:

IsomF/K(Xk+4/X,X’k+4/X’) IsomGK(H()?—HL),H(;?,—M)) 56

(¢, 9) € Isom?/K(Xk/X,X’k/X’) HlsomGK(Hﬁfk,Hﬁfk) 504, 0

We can assume that the group Isomg, (Hﬁ_(k+4),ﬂﬁf(k+4))

0 € Isomg (Hﬁ_(k+4),ﬂﬁ,_(k+4)), we first construct the pair (¢, ¢) of isomorphisms. By Propo-
sition 3.8, we have (gx,7x) = (gx7,7x), and by Proposition 2.29, both X and X’ are hyperbolic.

By Lemma 3.23, one can consider H < Hﬁg that is cofinal in our setup, and put H' :=
0(H) < Hﬁ,‘k. Since H (resp. H') is torsion-free, each Xy (resp. X};,) is a hyperbolic (non-

stacky) curve. We have H®) = H)A(;L (resp. H'™ = Higl) by Lemma 2.22. Hence 6§ induces

an isomorphism 6 : Hﬁ;d‘ = H$74 over G . By the m-step solvable Grothendieck conjecture

is non-empty. For a given

H
for affine hyperbolic curves of Theorem 3.22 wiht m = k, there exists a K g-isomorphism
by Xy — Xpp,

where K stands for the field of definition of X;. Moreover, this construction is compatible
along further open subgroups. That is, for any element M € H’fY such that M < H, with
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M' = 60(M) < H', the induced isomorphisms ¢y, : Xy — Xy fit into the commutative diagram

Xp Mo a0y

|

XH —_— X;Il
by [Yam24| Lemma 4.14. Running over all such subgroupsH, we obtain a K-isomorphism
é: X~ X"

Since the quotient stack of X* (resp. ./'l?’k) by Agéc)/Ag?+4) (resp. A%}/Agﬁ@) equals X (resp.
X'), we obtain an isomorphism ¢: X = X’. This finishes the construction of the pair (¢, ¢) of
isomorphisms, hence of the dotted arrow of Diagram (3.13).

Finally, we show the commutativity of the lower right triangle in Diagram (3.13). Let 6y
and 6 be the image of the pair ((Z;, ¢) and of € in Isomg, (Hﬁ_k,ﬂﬁ,_k), respectively. Then
by the construction of ¢, for every such H, we have 04(H) = 6(H). Hence, for any open
subgroup G of Gg and any section s: G — H)A(_k of the projection Hﬁ_k — Gk, we obtain
that 0,(s(G)) = 0(s(G)). Since 6§ and 6, are isomorphisms over G, (x) = 0(z) holds for any
x € 5(G). Since TI3 " is generated by such s(G), we obtain that 6, = 0 holds.

The same construction holds in the two following cases: If we assume furthermore that
(gx,rx) # (0,1), then the cofinality and non-emptiness of the set H5%, is still given by Lemma 3.23,
so that the map

Tsomye (X /X, X7 /X') = Tsom{3) (3™, 1I47)
is surjective, and the 5-step Grothendieck conjecture ensues.

In the case (gx,rx) = (0,1), the cofinal set is initialized with the torsion-free open normal
subgroup H; of H)Aﬁ_‘r’ given by Lemma 2.14, so that g, > 3 and (9m,,7m,) ¢ {(0,3),(0,4)}. O

We also give a group-theoretic corollary of Theorem 3.24. For m > 0, let us write
Aut’g:"(ﬂﬁ_m) = Isomg‘;"(ﬂﬁ,_m, Hﬁ_m).

Then the family {Autg;n(ﬂﬁfm)}nzo forms a decreasing sequence of subgroups of Autg, (H)Afm),
and we show that this sequence stabilizes.

Corollary 3.25. Let m > 2 an integer. For X a non-perfect affine hyperbolic stacky curve over
a field K finitely generated over Q, we have, for any N > m + 4

A— A—
AutgK (II3™™) = Autg;4(HX ™.
Proof. The assertion follows immediately from Lemma 3.21 and Theorem 3.24. O

Remark 3.26. Absolute m-step. The isomorphism class of X as K-stack can be reconstructed
from H$_5 or 1'[/%,_6 as in Theorem 3.24 without the structure morphism to Gg. This follows
from the fact that Ay coincides with the maximal normal closed finitely generated subgroup of
s

3.3.3. We conclude with some discussion on the m-step solvable Grothendieck conjecture for
Deligne-Mumford curves with non-trivial generic inertia, that shows that the generic inertia has
to be m-step solvable for the conjecture to hold — we further provide an example where, for any
m > 3, the m + 1-step version holds while the m-step version fails.

Let us start with a lemma that indicates which property can be read within the fundamental
group whenever the coarse and rigidified spaces coincide.



ANABELIAN GEOMETRY FOR DELIGNE-MUMFORD CURVES 31

Lemma 3.27. Let X be a Deligne—Mumford curve over an algebraically closed field of charac-
teristic 0. Assume that
HXCO&I‘SE g Fk
for some integer k > 2. Let m > 2 be an integer. Then the following are equivalent:
(l) Xrig - Xcoarse-
(i1) The image of the closed subgroup Ny, generated by the inertia subgroups of all closed
points, in I} is finite.

Proof. The implication (i)=-(ii) is clear, since Ny = Zx, in this case and Ty, is finite. Assume
that Xig # Xeoarse and we show the converse of (ii). By the natural surjections

m m 2
HX - HXrig - HXrig’

it is sufficient to show that the image of Ny in H%(rig is infinite. Since Iy, . = F, with k > 2,
the presentation of affine profinite F'-group gives an isomorphism

HX §f‘k*Cn1**Cns

rig
for some integers s > 1 and nj; > 2. Choose a cyclic factor Cy,, = (4) and a free generator x € F}.
Then, by the universal property of profinite free products, there exists a continuous surjection

M, — Co 12 =CE % Z,
sending 0 to the element (e,05) (where we define the element e as e(0) = § and e(a) = 1 for

a #0), x to (idz ,15), and all remaining generators to 1 (see [RZ10, Appendix D]). Since the
n1

wreath product Cp, 7 is metabelian, this morphism factors through H’}gﬂg. Since Ny is the

closed normal subgroup generated by all torsion elements of Ily,,, its image in Cp, Z contains

C’El, and hence is infinite. O

Proposition 3.28. Let X be a Deligne-Mumford curve over an algebraically closed field. Let G
be a finite group and ¥y be the free profinite group of rank k > 2. Let m > 2 be an integer, and
assume that we have an exact sequence

15 G— A} FP 1.

Then, we have an isomorphism Ax.,, ... ~ f‘k Furthermore, we have that Xiig = Xeoarse and the
image of the generic inertia group of X in A} coincides with G.

Proof. Let Ny be the closed subgroup of Ay generated by allAclosed inertia subgroups and such
that Ay /Ny ~1Ilx,,,... By [Yam26] Theorem 2.9, the group F}" is torsion-free, thus any torsion
element of A} is in G. Since Ny is the closed normal subgroup generated by all torsion elements
of Ay, its image Im(Ny) in A} is generated by torsion elements; thus, we get Im(Ny) < G.
We further obtain a commutative diagram with exact rows

1 NX AX Xeoarse 1
1 G AT Fy 1.

Since f",:‘, m > 2, is non-abelian, A’} is also non-abelian, thus Ay, . is non-abelian, so Xoarse
is hyperbolic. By taking the maximal m-step solvable quotient of the upper horizontal exact
sequence in the diagram above, we get the commutative diagram with exact rows

Ny — AT — A —1 (3.14)

XCO&!‘SG

o

1 G AT Fp 1.
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Therefore, by the snake lemma, we obtain that ker(A%} — f‘}?) is a finite group. On the other
hand, since Xcoarse is hyperbolic, we have that A% is torsion-free by [Yam26] Theorem 2.9.

Then A% = f‘}? follows. The calculation of Chen ranks implies that the assignment
{F,, Sy|r>29>2} — {F7", S [r>2,9>2}
is injective. Hence A% = f‘? implies Ax, ... = Fy.
By Lemma 3.27, and Diagram 3.14, the rest of the conclusion follows. O

We conclude with the following anabelian result that illustrates the case of affine and global
quotient DM curves with equal rigidification and coarsification.

Proposition 3.29. Let m > 4 be an integer and X = [X/G] affine hyperbolic Deligne-Mumford
curve over K where G is a finite m-step solvable group acting trivially on X. Then any Deligne-
Mumford curve Y such that H§7m ~ H%fm gives a commutative square

Y - > X

| J

ycoarse Xcoarse
where the bottom arrow is an isomorphism.

Proof. By Proposition 3.28 and the Ggi-compatibility, we have Vg ~ YVeoarse and G is the
maximal m-step solvable quotient of the generic inertia group Zy,. We further get a Gk-
compatible isomorphism IIY; =~ II'¢ so that both coarse spaces are isomorphic.

As X ~ X Xgpec K Bspeck G is the trivial G-gerbe over X, a map ) — & over X is equivalent
to giving a map Y — BgpeckG. Such a map corresponds to a G-bundle over Y but by assumption
we have a surjective homomorphism

Ay — G
which provides such a G-bundle over ). O

One can note that, with the notations of the proposition, Ay is a semi-direct product Zy , X F.
We further have that the m-step solvable quotient of 7y , is G and that the induced action of
Fi on IgLn = @ is trivial.
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